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The inverse transform method g e

random variables

EA Valdez

@ Consider a discrete r.v. X with pmf

The inverse transform
method
Some remarks

P(X=x)=pj, j=01,...

llustrative example
Coding the algorithm in R

Checking if the results
make sense

@ To generate a value from this distribution, first we generate .. cacee
a random number U and set st unfom
Poisson
X.Q’ |f L_j < pO Binomial
xi, ifpo<U<po+ LI
1 b po —_ po p1 acceptance-rejection

technique

Ilustrative example

The composition
approach
Example 4g
Mixture distributions

ity i< U< Yl opi

R codes

@ This is called the inverse transform method.

@ Proof to be outlined in class.
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Generating discrete

Some I‘emal‘kS random variables

EA Valdez
3 Yoo

The inverse transform

@ The method can be written algorithmically as

generate a random number U msi'z::imm
U < po, set X = xo and STOP .
it U < po+ p1, set )E_Z_)ﬁ and STOP Ghecking e esuts
if U< po+ p1 + p2, set X = x2 and STOP Special cases
@ Ifthe Xi’s are ordered like xo < Xy < Xo < --- s0 that the S —
odf F(xk) = Y_io pi and that /
The composition
X equals x; if F(xi_1) < U< i(ﬁ)' aé’i::ﬂg

Mixture distributions

Therefore, after generating U, we determine the value of X recodes
by looking for the interval [F(x; — 1), F(x;)) in which it lies
(or equivalently finding the inverse of l_J).
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lllustrative example T e
Suppose we want to simulate from the discrete distribution with EA Valdez
P(x=D) Plx=2)  P(X=3) P(x=¢)
p1 =0.20, p» =0.25, p3 =0.40, and ps = 0.15.
— -_ = — —_— The inverse transform
method
We do the following: S
generate a random number U P
|f U < 020, Set X = 1 and STOP Special cases
if U <0.45, set X =2 and STOP Seomette
if U < 0.85, set X = 3 and STOP
acceptance-rejection
otherwise set X = 4. o e
It is suggested the following could be more efficient: i
generate a random number U Bemweds
if U < 0.40, set X =3 and STOP i codes

if U < 0.65, set X =2 and STOP
|fU<O/£setX—1 and STOP

otherwise set X = 4.



Coding the algorithm in R

The function simdiscrete.R in R provides an algorithm for
enerating froma given discrete distribution.
g ing giv i istributi n. j en

# required inputs: x, probabilities, number to generate )<‘

# function to simulate from a given discrete distribution

simdiscrete <- function(x, probs, n.gen) { L
xprobs <- data.frame (x=x, probs=probs) rdb ¢ '
_—

# sort the data in order of x, with cumulative probabilities

xprobs.sorted <- xprobs[do.call (order, xprobs["x"]), ]

cum.probs <- cumsum(xprobs.sorted[,2])

xprobs.sorted <- cbind (xprobs.sorted, cum.probs)

# generate and loop

urandom <- runif (n.gen)

sim.vector <- rep(0,n.gen)

for(i in l:n.gen) sim.vector[i] <- min(xprobs.sorted[,1] [which (cum.probs >= urandom[i])])
# output

sim.vector

)

Then run the following commands:

> source ("C:\\...\\Math276-Spring2008\\Rcodes-2008\\Week2\\simdiscrete.R")
> x <= c(9,4,0,2,8)

> probs <- ¢(0.50,0.10,0.05,0.15,0.20)

> sum(probs)

[

v
simdiscrete (x,pro

[1] 48998992982992989222494999999889809299
[38] 8282999929980899999899999999942299292938
[75] 489 98899948999808489829829928
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Checking if the results make sense

We can draw a barplot to check if the results make sense.

# this tzLates‘yﬂe results

> xtabs (~outl) /100
—_—

outl
o 2 4
M, 0.03 0.11 0.07 0.2

# this draws the p
> barplot (xtabs (~o

100

8 9
3 0.56

lot
utl) /100)

0.3 0.4 0.5
|

0.2

0.1

0.0

o 2 4 8 9
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Generating a discreteyniform r iable

-

@ In the discrete uniform distribution, we have equal
probabilities:

P(X=j)=1/n, forj=1,2,...,n

@ To simulate from this distribution, we generate a random
number U and then set

®

j—1
= <
=jif o _U

}3\\.

T—

@ This condition is equivalent tj —1<nU<j, thatis

where Int(x) is the greatest|integer part of x.

'mtu)w P@

Generating discrete
random variables

EA Valdez

The inverse transform
method
Some remarks
lllustrative example
Coding the algorithm in R
Checking if the results
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Special cases
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The
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technique
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The composition
approach
Example 4g
Mixture distributions
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Generating a geometric random variable ' Crandom variabios.
EA Valdez
infily /
@ In a geometric distribution with parameter p, we have The inverse transiorm

method
Some remarks

—_j) — i—1 i = Illustrative example
P()f_ll.) 7_pg_— ’ for 1 L:/al, Coding the algo:i’lhm inR

Checking if the results
make sense

@ Note that the cumulative probability

Special cases
Discrete uniform
j— 1 o Geometric
Poisson
Binomial
The
acceptance-rejection
technique

Ilustrative example

The composition
approach
Example 4g
Mixture distributions

R codes

is indeed geometric with parameter p.
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Generating a Poisson random variable X=0.!; 2, . . oQ Geeatngdecere

random variables

. . ! EA Valdez
rmb, o 1 ~. {"0\88on InSunanu ,
E- OQ.a Mo P’_________ )
@ For the case of the Poisson, we exploit the recursion e aEEs T
property method

P( x‘& L ) Some remarks

lllustrative example

F()( = l: {'l) Coding the algorithm in R

Checking if the results

@ The following stebe followed to generate from Special cases

a Poisson with parameter A: -» V e
Step 1: generate g random number U. ﬁ =e =
Step 2: seti= and F =p. -
Step 3: if U < F, set X =i and STOP. f:;:nﬁ;;aunece'feiect'o"
Step4: setp=Ap/(i+1),F=F+p,andi=i+1. usiative exarmplo
Step 5: return to Step 3. Tho composiion
o Note that F is indeed the cdf F(i) = P(X < i). et

R codes

@ It can be shown that the average number of searches
grows with the square root of A. (proof to be discussed!)

P(x=0)= o /

page 9






R routine for generating a Poisson

Note that the code rpois is available in R. Type
help (Poisson).

You can write your own routine following the previous
steps, such as simPoisson.R:

# function to generate from a Poisson with parameter lambda

simPoisson <- function(n.gen, lambda) {
urandom <- runif(n.gen)

sim.vector <- rep(0,n.gen)

for(j in l:n.gen) ({

i<-0
p <- exp(-lambda)
F < p

while (urandom[j] >= F){
p <- lambdap/ (i+1)

F <- F+p

i<-i+l

}

sim.vector[j] <- i

}

# output

sim.vector

)

Generating discrete
random variables

EA Valdez

The inverse transform

method
Some remarks

llustrative example
Coding the algorithm in R
Checking if the results
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Executing and summarizing the results

> outl <- simPoisson(1000,5)

> outl
(1]
[30]
[59]
[88]

[ERENERIFEN

[987]1 6

> mean (outl)

[1] 4.902

0

0.015 0.038 0.077 0.141 0.173 0.

utl) /1000

> xtabs
out]

1

2

3

S Barplot (xtab®T=out1)/1000)

0.05 010 015

0.00

4

5
172 0.

161 0.
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7 8 9 10 11 12 13 15
111 0.061 0.027 0.013 0.005 0.004 0.001 0.001
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6
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@ Just as in the Poisson case, we exploit the recursion
property for the Binomial distribution:

Chept

Generating Binomial random variables

@ The following steps can then be followed to generate a
Binomial random variable with parameters n and .
probability of success p:

Step 1: generate a random number U.

Step2: setc=p/(1 —p),i=0,pr=(1—p)",and F = pr.

Step 3: if U < F, set X =i and STOP.

Step 4: resetpr = [c(n—i)/(i4+1)]pr, F=F +pr,andi=i+1.

Step 5: return to Step 3. / va}maw\ (r\.aen) n, e)

@ As an exercise, try to write an R routine for generating a
Binomial random variable following the above steps.

@ Another approach to simulate from a Binomial(n, p) is to
use the interpretation that it is equal to the number of
success in nindependent Bernoulli trials.

Generating discrete
random variables

EA Valdez

“N\The inverse transform
L!\‘-‘__ | D b ethod
Some remarks
lllustrative example

Coding the algorithm in R
Checking if the results
make sense
Special cases
Discrete uniform
Geometric

Poisson

Binomial
The
acceptance-rejection
technique

lllustrative example
The composition
approach

Example 4g

Mixture distributions
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The acceptance-rejection technique
——~—~———— ——

@ Suppose we wish to simulate from a discrete distribution

with mass function {p/,/ > 01— X y  P—

\J
eff|C|ent method to simulate from

Py<c

r all j such that p; > 0,

@ Suppose we have

where cis a flxed positive constant.

@ The acceptance-rejection method is as follows:
Step 1: simulate Y with mass function {g;}.

Step 2: generate a random number U.

Step 3: if U < py/cqy, set X = Y and STOP.

Step 4: else return to Step 1.

@ We must prove that the random variable generated comes
from the distribution {p;}. We will prove in class.

Fo :‘{’.d'\'on methed

Generating discrete
random variables

EA Valdez

The inverse transform
method

o

Some remarks
llustrative example
Coding the algorithm in R
Checking if the results
make sense

Special cases
Discrete uniform
Geometric
Poisson
Binomial

The

acceptance-rejection
technique

Ilustrative example

The composition
approach
Example 4g
Mixture distributions

R codes
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lllustrative example -

. A
@ Suppose we want to simulate from the discrete distribution
o 1 2 3 4 5~ e
p; 0.05 025 045 0.15 0.10
@ We can use the acceptance-rejgétion method by choosing
the discrete uniform for g and then the constant

c:maxg:@é‘

A

@ The algorithm can then be summarized as follows:
Step 1: generate a random number U; and set Y = InthlUs ) + 1.
Step 2: generate a second random number Qz.%’
Step 3: if U< py/0.45, set X = Y and STOP.

. else return to Step 1.

/

0
AT S R =

Generating discrete
random variables

EA Valdez
N

The inverse transform
method

Some remarks
lllustrative example
Coding the algorithm in R
Checking if the results
make sense
Special cases
Discrete uniform
Geometric
Poisson
Binomial
The
acceptance-rejection
technique
lllustrative example
The composition
approach
Example 4g
Mixture distributions

R codes
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Generating discrete

R routine for the acceptance-rejection illustration random variables

EA Valdez
T

The inverse transform

Name of R routine simaccept .R: metfod

Some remarks

lllustrative example
Coding the algorithm in R

Checking if the results
make sense

# function to illustrate the acceptance-rejection technique

\/simaccept <- function(n.gen) {
fenter the probabilities /
probs <- c(.05,.25,.45,.15,.10) Special cases

~ sim.vector <- rep(0,n.gen) P ) )
for(j in l:in.gen){ A U < Y/O Li's —> SYOP glss:::r;mform
2

ul <- runif (1)

<- floor(5ul) + 1 Poisson

<- runif(l) Binomial
while (u2 > probs[y]/0.45) Th
ul < runif(1) © o
y <- floor(5+ul) + 1 acceptance-rejection
u2 <- runif (1) technique

}
sim.vector[j] <- y

} The composition

roach
# output approacl
sim.vector Example 4g
} Mixture distributions
R codes
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Executing and summarizing the results

> source ("C:\\..
& outl <- simaccept (1000) «
—_— e
> outl

512
453

\\Math276-Spring2008\\Rcodes-2008\\Week3\\simaccept .R")

22343
32332

N ow
w o,
I
w
w N

[963] 1 333243252333331322432232332332423413

[1000] 4

> mean (outl)

[11 3 s
Xtabs (~outl) /1000

outl

1 2 3 4 5
0.056 0.243 0.440 0. 164 0.097

04

03
|

0S5

pA
5

3
5

00 01 02
| |

Generating discrete
random variables

EA Valdez

The inverse transform
method
Some remarks
lllustrative example
Coding the algorithm in R
Checking if the results
make sense
Special cases
Discrete uniform
Geometric
Poisson
Binomial

The

acceptance-rejection
technique

The composition
approach
Example 4g
Mixture distributions.

R codes
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Thg composition approach

X Yo

@ Consider now simulating from a distribution with mass

function J, 1

PX=j)=ap" +(1-a)p?, j>0,0<a<1.

@ If X; and X, are the random variables with respective
mass functions p}” and p}z), then

. [ Xy, wp.oa
> X_{ X, wp.1—a -

@ One approach then to generate from this mixture
distribution is:

Step 1: generate a random number Us.

Step 2: generate from X; and Xz distributions.

Step 3: if U < a, set X = Xj.

Step 4: elseif U > a, set X = Xz.

Generating discrete
random variables

EA Valdez

The inverse transform

method
Some remarks

llustrative example
Coding the algorithm in R
Checking if the results

make sense

Special cases
Discrete uniform
Geometric
Poisson
Binomial

The

acceptance-rejection

technique

Ilustrative example

The composition

approach
Example 4g

Mixture distributions

R codes
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Example 49

Con  Uax r\%uﬁm wuthod ~

@ Consider the example of generating X from a distribution
with mass function

: 0.05,
v pj—P(X—/)—{ 015

@ Note that this is equivalent to
N g =05p" +05p7,
PR
p{" =0.10, forj=1,2,...,10 " W%"f”’\
@ _ )0, forj=1,23,45 -
hj —{ 0.2, forj—678.9 10 Wmform

@ Thus, first generate a random number U, and then
generate from the discrete uniform over 1,...,10if U < 0.5
and from the discrete uniform over 6,7,8,9,10 otherwise.

where

and

Generating discrete
random variables

EA Valdez
T

The inverse transform
method

Some remarks
lllustrative example
Coding the algorithm in R
Checking if the results
make sense
Special cases
Discrete uniform
Geometric
Poisson
Binomial
The
acceptance-rejection
technique
lllustrative example
The composition
approach
Example 4g
Mixture distributions
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Generating discrete

R routine to illustrate the composition approach Fandonivariables

EA Valdez

The inverse transform
method
1 . . Some remarks
Name of R routine simcomp.R: o e
Coding the algorithm in R

# function to illustrate the composition approach Checking if the results

make sense
simcomp <- function(n.gen){
urandoml <- runif (n.gen) Special cases
urandom2 <- runif (n.gen) Discrete uniform
sim.vector <- rep(0,n.gen) Geometric
for(j in l:n.gen){ R
if (urandoml[j] < 0.5) { S
sim.vector([j] <- £loor (10xurandom2[3])+1 el
} The
else { acceptance-rejection
sim.vector[j] <- floor (5«urandom2[j])+6 technique

}
}
# output The composition

sim.vector approach
}

Ilustrative example

Mixture distributions

R codes
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Executing and summarizing the results

VoV

outl <- simcomp(1000)

> outl
(17 7 5 8 9 9 7 1
251 9 5 3 6 7 2 7
[49] 9 310 9 7 6 2

[e851 9 9 110 1 7 1
> mean (outl)

[1] 6.846
> xtabs (~outl) /1000
outl

1 2 3 4

8 9 6
2 6 6
3 4 3
8 6 7
5 6

0.041 0.055 0.053 0.047 0.045 0.144 0.

> barplot (xtabs (~out1)/1000)

05

9
6
3

139 0.

—
o © o

8

 —— T —

1 2 3 4 5

source ("C:\\...\\Math276-Spring2008\\Rcodes-2008\\Week3\\simcomp.R")

4 9 4 8 4 8 7 6 9 8
610 2 3 9 4 3 9 9 4
8 6 810 5 810 8 910
3 6

9 10

155 0.164 0.157

s

TN

6 7 8

Generating discrete
random variables

EA Valdez

The inverse transform
method
Some remarks
lllustrative example
Coding the algorithm in R
Checking if the results
make sense
Special cases
Discrete uniform
Geometric
Poisson
Binomial

The
acceptance-rejection
technique

lllustrative example

The composition
approach

Mixture distributions

R codes
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Generating discrete

MIXtu re dIStrIbutIOI‘\S 1 random variables

’H;Pf O{\ ) O<2 }\0(), - dv\, = 1 EAVaIdez ,,
X -

The inverse transform

@ In the case where the distribution function of X is given by method

Some remarks

llustrative example
Coding the algorithm in R

n
Checking if the results
F(X) = E OéiFi(X), make sense
i=1 Special cases
Discrete uniform

where Fj,i =1,..., nare distribution functions, we have ot
what we call a mixture distribution. :h'
@ To simulate from such a mixture distribution, toonmiaue o eten
Step 1: simulate a random variable /, equal to i with probability o, T'Le'C;mPOST’Zn
fOI’ ’ - 1, ey n. approach
Step 2: simulate from the distribution F;. e

R codes

@ This is also called the composition method.
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Generating discrete

R codes for simulating from known discrete distributions FardomivariaBies

EA Valdez

The inverse transform
method

Some remarks

lllustrative example

@ In R, there are many functions that generate discrete ot osss
random variables. Most of them start with r. s
Special cases
@ Here are a few of them: ck Dt o
. . t Poisson
rbinom - binomial W% W \q B
i - i inomial / "
rnb]._nom -negatlve b omia w C M SL\U ) Z:seplance—rejeclion
rpois - Poisson ‘ e
rgeom - geometric Huy s a _ti":\;f - lustrative exam.ple
rhyper - hypergeometric ngrgg?hposmon
Example 4g

Mixture distributions

R codes
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